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T h e o r y

SCATTERING EQUATION
Let’s start with Dirac equation:

(

H0 −
E

ch̄
+
V

ch̄

)

Ψ (r) ≡

(

mc2−E+V
ch̄ − d

dr + κ
r

d
dr + κ

r
−mc2−E+V

ch̄

)

Ψ (r) =

(

0

0

)

,

where V = V (r) is the radial scattering potential, vanishing faster than the Coulomb one, E is the

total energy of the projectile. Here, Ψ = Ψ(r) is the relativistic wave function, satisfying the

following asymptotic condition:

Ψ (r)
r−>∞
−−−→ sin

(

kr −
πl

2

)

+ tan δ cos

(

kr −
πl

2

)

,

where δ is the relativistic phase shift, l is the angular momentum of the projectile, κ = −l − 1 or

κ = l, and k ≡
√

(E −mc2) (E +mc2)/ch̄.

BASIS SET
Let’s choose the basis set [1]:

Φ+
n (r) ≡

(

φln (λr)

0

)

,

Φ−
n (r) ≡

(

0

ψln (λr)

)

, ψln (λr) =

(

κ

r
+
d

dr

)

φln (λr) .

We have two choices of the function φln: Laguerre basis, φln = (λr)l+1 exp
(

−λr
2

)

L
(2l+1)
n (λr), and the Gaus-

sian basis, φln = (λr)l+1 exp
(

−λ2r2

2

)

L
(l+1/2)
n

(

λ2r2
)

- so we obtain two different basis sets. Here, L
(α)
n (x) are

the Laguerre polynomials, λ is the scaling parameter. Functions φln are biorthonormal:
〈

φ
l

m

∣

∣

∣
φln

〉

≡
∞
∫

0

φ
l

m (λr)φln (λr) dr = δmn. However, knowledge of the biorthonormal elements φ
l

m is not necessary.

JACOBI MATRIX
In such defined bases, the term

Jss
′

mn ≡

〈

Φs
m

∣

∣

∣

∣

(

H0 −
E

ch̄

)

Φs
n

〉

, s, s′ = ±, m, n = 0, 1, ...

gives the tridiagonal form.

These so called J-matrix elements Jss
′

mn can be written as

Jmn =
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〉
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,

where ǫ ≡

√

E−mc2

E+mc2
. Let’s also introduce the non-relativistic J-matrix elements (but taken in the

relativistic point k), simply related to the above integrals:

Jmn =
1

2

〈

ψl
m

∣

∣ ψl
n

〉

−
k2

2

〈
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m

∣
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n

〉

.

SINE- AND COSINELIKE EXPANSIONS
To assure proper asymptotic behaviour, we introduce sine- and cosinelike solutions of equation:

(

H0 −
E

ch̄

)

ΨU =

(

ΩUφ
l

0

0

)

, ΩS = 0, ΩC = −
ǫ

sl0
.

In the above, the indexes U,C corresponds to sine- and cosinelike solutions. The solutions, ex-

panded in the selected basis, are as follows:

U (k, r) =

∞
∑

n=0

uln (k)

(

φln
ǫ
κψ

l
n

)

, U = S,C, u = s, c.

Now, the following recursive relations are fulfilled:
∞
∑

n=0
Jmns

l
n = 0,

∞
∑

n=0
Jmnc

l
n = − k

2sl
0

ϕ̄l0, J00s
l
0 + J01s

l
1 = 0, J00c

l
0 + J01c

l
1 = − k

2sl
0

Jn,n−1u
l
n−1 + Jn,nu

l
n + Jn,n+1u

l
n+1 = 0;u = s, c;n > 1

POTENTIAL SCATTERING
Let us replace this scattering potential by a truncated potential operator:

V N
mn =

(

〈

φlm
∣

∣ V/ch̄φln
〉

0

0
〈

ψlm
∣

∣ V/ch̄ψln
〉

)

,m, n = 0, 1, ...N − 1

Hence, the scattering equation has the following form:

(

H0 −
E

ch̄
+ V N

)

ΨN (r) ≡

(

0

0

)

, with expanded solution: ΨN =

N−1
∑

m=0

(

d+
mφ

l
m

d−m
ǫ
kψ

l
m

)

+

∞
∑

m=N

(

(s+
m + tgδNc

+
m)φlm

(s−m + tgδNc
−
m)ψlm

)

.

In graphical form:
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Equations for m > N are automatically fulfilled, so the following equations remain:
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THE SOLUTION
The tangent of approximated phase shift is given by the formula:

tan δN = −
slN−1 (k) + 2ǫ

kG
++
N−1,N−1 (E) JN,N−1 (k) sl

N (k)

clN−1 (k) + 2ǫ
kG

++
N−1,N−1 (E) JN,N−1 (k) cl

N (k)
,

where Gss′
mn (E) =

∑

p=±

N−1
∑

i=0

ch̄
Γ

sp
miΓ

s′p
ni

E
p
i −E

, and
(

Γ†P †
N

(

H0 + V
ch̄ −

E
ch̄

)

PNΓ
)ss′

mn
= 1

ch̄ (Es
n − E) δnmδss′.

The elements sln and cln can be found using recursive relations mentioned above [2, 3]. Matrix G

can be viewed as the matrix approximating the Green function.

We expect, that tan δN
N−>∞
−−−−→ tan δ (approximate solution approaches the real value with increasing the

basis size).

R e s u l t s

We have written the computer code JMATRIX implementing the method, and performed relativistic

phase shifts calculations for scattering of electrons from several types of potentials: some

model potentials given in analytical forms, and the approximate atomic potentials. In all cases

and both bases, we observe convergence of the numerical phase shift together with increasing ba-

sis size. Moreover, the method allows for calculating phase shifts for different energies with

relatively small computational time.

SQUARE-WELL

V (r) =
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, a = 0.8au, b = 1au, V0 = −1au,E = 3au, l = 1, κ = 1
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Relativistic phase shifts versus basis size. Comparison with the analytical result [4].

TRUNCATED COULOMB

V (r) =

{
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, Z = 30, r0 = 1au,E = 3au, l = 1, κ = 1,−2
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Relativistic phase shifts compared to result obtained using direct integration [5]. Small graph:

phase shift as function of the projectile energy. Clearly visble defect in the gaussian basis at

E ≈ 25au.

YUKAWA POTENTIAL
V (r) =

−g2 exp(−mr)

r
, g = 1,m = 1, E = 3au, l = 1, κ = 1

 0.3236

 0.3238

 0.324

 0.3242

 0.3244

 0.3246

 0.3248

 0.325

 200  400  600  800  1000  1200  1400  1600  1800  2000

d
el

ta
(N

)

N

yukawa, gauss

yukawa, laguerre

 0.05

 0.1

 0.15

 0.2

 0.25

 0.3

 0.35

 0  1  2  3  4  5  6  7  8  9  10

d
el

ta
(E

n
er

g
y;

 N
=

20
00

)

Energy

yukawa, laguerre

 0.32372

 0.32374

 0.32376

 0.32378

 0.3238

 0.32382

 0.32384

 0.32386

 0.32388

 0.3239

 0.32392

 0.32394

 1660  1680  1700  1720  1740  1760

d
el

ta
(N

)

N

yukawa, gauss

yukawa, laguerre

 0.32373

 0.32374

 0.32375

 0.32376

 0.32377

 0.32378

 0.32379

 0.3238

 0.32381

 0.32382

 800  1000  1200  1400  1600  1800  2000

d
el

ta
(N

)

N

yukawa, laguerre

Relativistic phase shifts versus basis size, both bases (left graph and small graphs). Right

graph: phase shift as function of the projectile energy.

ATOMIC POTENTIAL - ARGON

V (r) = −Ze2

r
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, parametres as given in [6]
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Relativistic phase shifts as function of the basis size, compared to result obtained using the

MCDF-CI method [7]. The applied potential is rather rough estimation of the real potential, thus

the results vary from each other by about 10%. We work on applying much more accurate atomic po-

tentials to the code, i.e. taken from the GRASP92 package [8].
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